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solved by a fourth-order Runge-Kutta technique with 4 =
2.0 and D = 14.7 which corresponds to nitrogen.
ing values of ¥ and ¢ were obtained for a given £ from the
equilibrium solution (¥ = ¢) given by Eq. (7). The reference
entropy S, value in Eq. (7) was taken as 15.5. The factors
1, . and Js were all-assumed to be zero. ~ The starting values
of £ for different x values were selected in such a way that the
solution always started with equilibrium conditions.
A series of solutions for different values of x for nitrogen
are shown in Fig. 1. The vibrational temperature function ¢
is seen to follow the translational function ¢ very closely for
awhile, the extent of which depends on x and thei diverges
rather suddenly and reaches a constant value, this corres-
- ponds to the freezing of the vibrational energy mode. ~ The
translational temperature function ¢ increases monotomcally
as £ degreases. The equilibrium solution shown in Fig 1.is
also given by the envelope of all the nonequlhbrlum solutions.
Tt has been shown that the nonequilibrium similar solutions
 depend-on‘twe general parameters £andx. In order to use
the similar solutions presented in this paper (Fig. 1) the
- parathetérs £ and x should be known in terms of the initial and
~boundary values. Therefore, the functional dependence of
£and x must be eonsidered. The parameter £ is a funetion of
not only, the reservoir and nozzle throat conditions, but also of
Veloorty In Ref. 6 it is shown that a modified velocaty ratio
w'/uy! can be well correlated with the area ratio A7/A4.’".
' Thls leads to a simple expression for a modified velocity ratio
- which is used in finally expressing £ as

k= %/(e 2= 1) — logs [k~ 1g0%2(1 — €7¥0) X
A[0.5 — 0.31(1 + logwd) %]} + 8, (10)

(The constants k; and &, are given in Ref. 6.) Itis noted that
& depends on only two parameters, namely, the area ratio and
the reservoir temperature function v, The parameter £ is
now expressed in terms of the initial and boundary values only
and hence can be readily computed for any given conditions.

The parameter x can be shown® to reduce to

= lOge‘[ki(ﬁ+1/ij) (%)1/2(%’) L4256 X

e (e e

Itis noted that x is 1ndependent of A. Also, for a given gas x
depends on only py’, L and ¢, since 6, C and S are all con-
constants:

To apply the results presented here, £ and x values can be
‘computeéd using Eqs. (10) and 1 based on known reservoir
conditions and area ratio. Then, using these ¢ and X values,
along with Fig. 1, ¢ and ¢ values can be determmed w1th
which the algebralc governing equations can be used. to
determme , pand u.

- Range of Applicability of the Parameter x

The general correlating parameter x depends on po/, L and
o for a given gas. The variation of py'L with ¢ for a con-
stant x was computed using Eq. (11) and is shown in Fig. 2
for a number of x values.
o for a constant equilibrium mole fraction of Q.1 is also
shown; this curve represents approximately the high tem-
perature limit beyond which dissociation relaxation may have
to be.considered. A curve is also shown which indicates the
“maximum y value, for a given ¥, where the nonethbrmm
“golution departs from the equlhbrlum solution. . For reservoir
_ conditions defined by the region above this line, the solutions
start with equilibrium conditions and can be obtained from
the present similar solutions. For reservoir conditions de-
fined by the reglon well below this line the flow can be con-
sidered as frozen in the entire noszle. In a narrow reglon
just below the equilibrium limit line the flow will be in the
-nonequilibrium state and the solutions have to be obtained
by starting with the reservoir conditions as the initial values.

The start--

The variation of po'(L = 1.0) with -
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Conclusions

Based on the present analysis the following conclusions are
reached. 1) Similar solutions for vibrational nonequilibrium
nozzle problems can be obtained over a wide range of initial
conditions and nozzle scale parameters by using the new
similarity parameter £ 2) The parameters & and x serve as
general correlating parameters since they contain “all the
parameters of the problem. The vibrational equlhbrxum
solutions depend on the one parameter x only and the non-
equlllbrmm solutlons depend on two parameters x and &.
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Tlme-Dependent Numerlcal Analysis of
| MHD Blunt Body Problem
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HE interaction of shock heated plasma and an onboard
magnet may prove attractive for an atmospheric entry
vehicle (Fig. 1). A review of the subject is contained in Ref.
1. T / : s
In the present work, the time dependent finite difference
method? is applied. Results are eompared with those of
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) Fig- 1 Effect of onboard magnetic source.
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more approx1mate work dealing mamly w1th the stagnatlon
regipn®~7 and with the method -of integral relations.® In-
viseid, ideal gas flow without reactions or radiation is ¢on-
srdered The electrical conductivity is assumed to be a scalor
and a power of absolute temperature. . The magnetic Reyn-
olds number is vanishirigly small. The magnetobody is a
hemisphere with an aligned dlpole at the origin under condi-
tions of axisymmetry.

An initial valve problem is formulated. . The bow shock is
treated as a moving dlscontmurty and is coupled to the ad-
jacent shock layer using multidimensional characteristics.
The shock layer is treated using the equatrons of unsteady
notion and the Lax difference method.® ' The system is ad-
vanced in time toward the steady state of interest.

The unsteady equatlons for the shock layer are?

_ bp/()t = — p¥V-V—-V. Vp 1)
oV/ot = = V-V — (Vp — F)/p 2)
ds/ot = —V-Ws+¢/(6T) . (3

where? the body force is F = o(V X B) X B and the dissipa-
tionisg = o(V X B)-(V X B) where p is density, V velocity,
p(p,s) pressure, s specific entropy, ¢ «T“ electrical con-
ductivity, T(p,s) absolute temperature and B(r) is the mag-
netic dipole field. Spherical coordinates were used in the
computation.

The equations for the bow shock include the shock con-

servation relations and an additional relation which couples
the shock to the shock layer. . The additional relation® is
rom the method of characteristics as generalized to MHD
dow at vahishing magnetic Reynolds number.l? ‘A similar
approach is. employed at the body surface. Tlie objective is
to avoid nonéentral differences at boundaries which may lead
tos pseudo boundary layer. -
. The region of calculation is closed downstream by a surface
in locally supersonic flow extending radially from the hemi-
sphere shotllder to the bow shock. - Differences normal to that
surface are evaluated by linear éxtrapolation.

The- nondimensional groups involved are the Mach_ number
Mo = Veo/a- where & is the speed of sound, the specific heat
ratid v, the magnetic interaction parameter Q@ = ooB?Ry/
(p=V <) where R.is the body radius, and the exponent w on
which the conductivity depends on temperature. The sub-
seripts 0 and ‘o denote the stagnatxon point and the free-
stream, respectively. g

.The shock layer is mapped onto a statlonary rectangular
domain bounded by the shock, axis of symmetry, body and
downstream surface by ¢ = (r— 15)/(.(0,) = 74) and © = 0
where b denotes body and s shock. The nondimensional time
isr= ast/(Rey!®). The system Eqgs. (1-3) can be repre-
sented by

al/af = g(e,e,f) ; @

W_here g contains derivatives in ¢ and ©. Using the Lax
difference scheme, the variables are advanced in time

f(¢,6,7 + A7) = H¢,0,7) + 8(¢,0,7) AT )

Fig. 2 MHD eﬂ'ect on shock and sonie lme, M, =5,y =
14
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where the bar denotes the arithmetic average of ad]acent
points in space and the partial derivatives in space in g.are
expressed as central differences. The linear stability criteria
suggests a limiting time step similar to that of the Courant-
Friedrichs-Lewy criteria.®

The numerical treatment of boundary points is similar to
that of Ref. 10 and is contained in Ref. 11..

Initial values for the computation were obtained by linear -
1nterpolat1on between an assumed stationary shock dnd a body
subjected to inviscid flow behind a normal shock.  In varying
pardmeters, the results of previéus caleulations were em-
ployed as initial conditions if they were cons1dered closer to
the new steady state. : '

The results for non-MHD flow were , checked with those of &
similar method of Moretti and those of the integral method
of Belotserkovskii.® At moderate supersonic speed, a mesh
size of Azp 0.1 and AO = 5° was found dccéptable. An
inerease in speed required a finer mesh, perhaps because of the
larger gradients in the shock layer.

The subsonic region is increased in extent because of the
deceleration effect of the MHD force. The shock shape and .
soni¢ line movement are illustrated in Fig. 2.. Variable
conductivity, w s 0, is not important There because of the :
fairly uniform temperature of the subsonic region. The’ .

centerline detachment distance, Fig. 3, is convenient for. -

comparing theories. The non—MHD value (@ = 0) of the ~
present work is substantiated by the similar method of
Morettiz and the emp1r1cal correlation of Seiff'z [§ = (r, —
75)/Ts = 0.78 ¢ where ¢ is normal shock density ratio]. The
relative MHD' effect is comparible to that obtained by
Porter®* (based on Bush?), Lykoudis,® and Levy et al.” The
results of Chushkin® show a substantrally higher MHD effect.
This may be due to an increasing error in the mtegral method
of ‘Chushkin as the domain inereased without 1ncreasmg the
number of strips employed. '

We estimate an approx1mate doubling of inviscid total
drag for Qe = 2. A comparison with experiments? requlres
inclusion of incipient merged viscous -effects which is in
progress.
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Eddy Viscosity. Model for Turbulent
Pipe Flow

GpaLia KLEINSTEIN*
New York University, New York

I. Introduction

UNIFIED viscosity model will be sought here for the
entire pipe with the requirement that in order to qualify
as an acceptable model it must yield not only a mean velocity
distribution, but also a turbulent shear, turbulent energy pro-
duction rate, and direct viscous dissipation rate, in close agree-
ment with experimental data. This aim, which certainly
falls short of the task of explaining the complete structure of
turbulence in a pipe, can provide a stronghold on some of the
more significant and practical aspects of the mean flow proper-
ties.

II. Analysis

~ 1) Overlap region

In his paper, Millikan! proposed a derivation of the cele-
brated log law which was based on a minimum set of a priori
assumptions. His derivation proceeded as follows: If in the
wall region we accept the law of the wall, u* = f(y*) and in
the core region the velocity defect law umaxt — ™ = g(9), by
assuming the existence of an overlap region 2 the only func-
tions f and g which are simultaneously satisfied in 2 are

f=ut= 1/k) Iny* + k' G
g = umax+ -yt = “(l/kl) lml + k2” (la')

and consistent with these equations the maximum velocity is
given by

Unax T = — (1/ky) Ind, + (ko' + k5") (1b)
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In Eq. (1), k1, ko', k" are arbitrary constants, u+ = w/u,,
Umax T = Umex/Ur, Y+ = yu,/v, 7 = y/r, where u, is the frxc-
tion velocity (r./p)'/?, r the radius of the pipe and &,
(u.r/v)~11is the inverse of the Reynolds number based on the
friction velocity. Equations (1), (1a) and (1b) may be con-
sidered as the limit of the law of the wall, the defect law and
the friction law for large Reynolds numbers, or equivalently
for small &,.

Introducing the definition of the eddy v1scos1ty in the form
7, = — {pu'v’) = pedu/dy where 7, is the turbulent shear, into
the equation of motion 7 = udu/dy —~ {pu'v’) yields after
nondimensionalization,

(€ + 8 )du*/dy 2

Tt =7/10 =

where € = ¢/u,r.

Taking the limit of Eq. (2) as 6, — 0, granting that ¢+ pos-
sesses a regular limit, and utilizing the result obtained for
dut/dn in Eq. (1a) gives the eddy viscosity at the limit of
infinite Reynolds number as

limé = €& = kl‘nT+ (3)
87—0
for the overlap region 2.

A solution of the pipe problem consists of integrating Eq.
(2) over the inverval 0 < 7 < 1 at a fixed &, subject to the
boundary condition ut = 0atyt = 0. To carry out such an
integration the eddy viscosity as obtained in Eq. (3) for the
overlap region must be extended in 5 to cover the mterval 0
<7< 1landiné,tod, > 0.

2) Core region

The core region is defined as the region between the overlap
region and the center line of the pipe. By its nature the over-
lap region 2 designates the location where viscous effects sub-
side and turbulent effects become predominant. = Thus as the
overlap region is traversed in the direction of the core, the
flowfield becomes more turbulent than viscous in nature and
consequently thé interaction between turbulent shear stress
and viscous shear stress can be expected to decline further,
excluding possibly the immediate vicinity of the center hne
itself. In the limit of small but non zero 6, it is therefore
assumed that within the core region the turbulent momentum
transport coefficient is the same as the turbulent transport co-
efficient in the overlap region at §, = 0 viz.,

& = (50 = k7 @

where €, designates € in the core region C.
The equation of motion for the core becomes then

= (& + d)du*/dy (%)

which is valid for 0 < 8, < 1 and 5. < n < 1. . Equation (5)
states that within the core region the total shear is obtained as
a superposition of the turbulent arid viscous shear with zero
interacting terms. These physical assumptions, once ac-
cepted, have the following mathematical implication: Let
€(1,8,) have a regular asymptotic expansion in C with respect
to 6, of the form,

EO("?) + (65/81)6721(77) + ... (6)

where 8. is a small parameter which depends on &, so that
(6./8,) = 0 as §, — 0. Substituting Eq. (6) into Eq. (2) yields

= [é(n) + B/0)0.&(n) + ... + & Jdu*/dy (7)

Comparing Eq. (7) and Eq. (5) indicates that the conse-
quence of the assumption made in Eq. (4) is equivalent to
assuming 8. ~ 0(8,1*%) where @ > 0. . Carrying the mathe-
matical argument farther, since € must depend continuovsly
on d, as 7 changes from C to ¥ one obtains for the overiap
region the expansion for nonzero 8, in the form,

€(n,8,) = &(n) + 8, *&(n) + ... @®)



